05 FACTORIZATION

Factorization: If a polynomial p(x)
can be expressed as p(x) = g(x) h (x),
then each of the polynomials g(x)
and h(x) is called a factor of p(x).

The process of finding the factors is

called factorization.
(@)  Factorization of the Expression
of the type ka + kb + kc.

Factorize 5a-5b+5c¢

Solution

Sa~5b+5c=5a~b+c)

| Factorize 5a — 5b — 15¢

>

S5a-5b-15¢c=5(a~b - 3c)
(b) Factorization of the Expression
of the type ac + ad + hc + bd

We can write ac + ad + bc + bd as

(ac + ad) + (bc + db)
=a(c + d) + b(c + d)
=(a+b) (c+d)

Regrouping the terms of given
polynomial
3x+xy-3a-ay=x(3+y)—aB+y)

=(3+y)(x—a)

Factorize pqr + gr* —pr” —1°

The given expression = r (pg+qr—pr—r2)
= r[(p«fi+qr)~p!’—rzji
wd
= r[q(p+ r)—r(p%r)}
=r(p+r)g-r)
{c) Factorization of the Expression|.

of the type a” +2ab+b°.

We know that
(i) a®+ 2ab + b? = (a+b)” = (a+b) (a+b)
(i) a* — 2ab+b’ = (a—b)*=(a—b) (a—b)

25x240x+16 =(5x)"4+2(5x)(4) + (4)
= (5x+4)°
= (5x+4) (5x+4)

1267 —36x+27 =3(4x* - 12x+9)

=3[2x)* -220)(3)+(3)*]
=3(2x-3)?
=3(2x-3)(2x—3)




W

(i) 4x* -2y —z)* (i) 6x*-96
() 4’ -Q2y-2* =20 -Q2y-2)°
=[2x-Q2y-2)][2x+ 2y -2)]
=2x-2y+2)2x+2y-2)

(i) 6x*-96 =6(x*-16)
=6[ (") - @]
= 6(x% ~4)(x* +4)
=6 (0" -2 | +4)
= 6(x — 2)(x +2)(x> +4)
(e) Factorization of the Expression of the types a + 2ab + b* - ¢%.

We know that
2 % m e L2 7 5
a“*2ab+b” —c" =(atbh)” —(c)" =(atb-c)atb+c)
I xample
Factorize (1) x* +6x+9~4 y?

(i1) 1+2ab—a® —b*
Solution
()  xP+6x+9-4y" =(x+3)2 52y
=(x+3+2y)(x+3-2y)
(i)  142ab-a®-b> =1-(a®-2ab+b%)
= (1)’ -(a-b)’
=[1—-(a-b)][1+(a-b)]
=(l-a+b)(1+a—b)

Q.1 M =3y (3x —4x° +6y)
(1) abc—4abx +2abd

»ea _ 2 _ 2
=2ab(c—2x+d) (i)  —3x"y-3x+9xy

- a2
(i)  9xy-12x%y+I8y? =—3x (xy+1-3y)



(vi)

Q.2

(ii)

(i)

(iv)

Q.3

5ab2c® —10a%bc+20a’be?
=5Sabc (hc2 —2ab’% +4a%c)
37y (x-3y)-7x"y” (x—3y)
(x =373y -7xy")
(x~3y).x*y (3x=7Ty)

X’y (x=3y)3x~7y)

2xy° (x2 +5)+8xy* (x> +5)
(x? +5)(2xy" +8xy*)

(x*+5) 2xy’ (y+4)

= 2xy2 (x2+5)(y+4)

(i) 5ax —3ay—5Sbx +3by
=5ax --5bx —3ay +3by
=5x(a—b)-3y(a—b)
=(a-b)(5x—3y)

3xy +2y-12x-8
=3xy—-12x+2y-8§
=3x(y-4+2(y~4)
=(y—4)(3x+2)

x> +3xy2 —2)(2},/—6)/3
=x3—2x2y+3xy2 —6y3
=x2(x—2y)+3y2 (x—2y)
=(x-2y) (x> +3y7)
(x*—y?)z+(y* —27)x
=x%22—y7+y*x—2°%
=x2z——22xiy2x—yzz
:xz(x-—z)+y2(x-—z)
=(x-7)(xz+y%)

(i)  144a%+24a+1

=(12a)% +2(12a)()+(1)*

(i)

(iii)

(iv)

Q4

(i)

=(12a+1)?
=12a+1)(12a+1)

2 2
a b
——2+-—3

-
v J
)

(x+y)? ~14z(x+y)+49z"

o“ln—
m]o‘

= (x+Y)2 = 2x+y)(T2)+(T2)°
=(x+ y-7z)2
=(x+y-7z)(x+y—7z)
12x% —36x+27

=3(4x% —12x+9)

:3[(2:()3 --2(2x)(3)+(3)2]
=3(2x-3)*
=3(2x-3)(2x-3)

@  3XC-159
=3(x%-25y°)

=3[0 ~(5y)” |
=3(x+5y)(x—3y)
x(x=D-y(y-D
=x2-—x—y2+y
=xZ—y? —x+y
=(x+y)(x—y)-1(x~y)
=(x—y)(x+y-1)



(i) 128am?—242an> =x2 —4x+4-y2~2y-1

=22 (64m> —121n2) =(x)* -2(x)(+(2)* - (y* +2y +1)
:23[(8m)2~—(l]_n)z] =(x—2)* ~(y+1)* |
=2a(8m+11In)(8m-11n) ==+ (y+D][(x=2)=(y+1)]

=(x—=2:++y+D(x=~2=~y=1)
=(x+y-D(x-y-3)

(v)  25x*—10x+1-362>
=(5%)* —2(5x) (1) +(1)*> = (63)*
=(5x~1)? =(62)
:[(Sx—])+(62)]l(5x—-I_)*(ﬁz)]”

(iv) 3x-243x°
=3x (1-81x2)
=3x[(1)2—(9x)2J
=3x(1+9x)(1-9x)
Q5 () x*-y’-6y-9

=x*~(y’ +6y+9) =(5x —1+67)(5x ~1—62)

- {(y)z +2(y)(3)+(3)2] . =(5x +62—1)(5x —62~-1)

—(x)% ~(y +3) (Vi) xP—y® —4xz+47°

=[0+(y+3)][0-(y +3)] =x*—dxz+4z’ —y’

=(x+y+3)(x—y-3) =(x)* =20 22)+(22)" ~(y)°
(i)  x*—a®+2a-1 =(x—=22)%*—(y)?

=x*—(a’=2a+1) ~ =[(x=22)+ (N][(x=22)—(y)]

=(x)2—(a—1)2 =(x—-2z+y)(x-2z—y)

=[(x)+(a-D][(x)~(a -1 (a)  Factorization of the Expression

of types a*+a’h” + b* or a* + 4b*

=trta=lifx—at)) Factorization of such types

(i) 4x2- y2 — 2y~1 of expression is explained in the following
les.
<452 P 2254 examp
oD

_ 2 2
=(2x)"=(y+1) Factorize 81x* +36ny2 +16y4

=[2x)+(y+D][(2x - (y+D)] Solutionjil
=(2x+y+1)(2x—y~1) 81x* +36x2y% +16y*
(V)  x*-y?—dx—2y+3 " = (922)2 +72x%y% + (4y*)? 3612y

=x*-y® —4x-2y+4-1 L (92) +(4y2) +2(927) (47 )= 36327



= (9x% +4y%)* - (6xy)°

= (9.1&:2 + 4}-'2 +6xy) 9x* + 4y2 —6xy)
=(9x° + 6xy + 4y2 H9x% — 6xy + 4}?2 )
Example

Factorize 9x* +36y*

9xt +36y%
=95* 4 36)-’4 + 36:{2)-'2 m36x2y'2
=(3x7)% + 20357 )(6y7) +(6y°) — (6xy)°
= (3x% +6y7) — (6xy)*
= (Bx?‘ + 6_\)?’ + (ix_y)(S.x2 + 6y2 —6xy)
=(3x% + 6.xy+ 6‘\:2)(3x2 —6xy+ 6‘})2)
(by  Factorization of the Expression
of the type #o px+q.
Example
Factorize (i) x° —7x+12
(i) x> +15x—36
Solution:
M) x*-Tx+12
lirom the factors of 12 the suitable pair of

numbers is —3 and —4 since
(-D+{(4)y=-7 and (-3)(-4) =12

Hence x° —7x+12=x% —3x—4x+12
=x(x—3)—4(x—3)
=(x=3)(x—4)

(i) x*+5x-36

From the possible factors of 36, the
suitable pair 18 9 and —4 because
9+(—4)=5 and IX(—4)=-36

Hence x?+5x—36 =x>+9x—4x—36

=x(x+9~4(x+9)

=(x+Dx—4)

(¢) Factorization of the Expression of
the type ax’ +bx+c, a0

Factorize (i) 9x°+2Ix—8

(i) 2x*-8x-42
(i1i) 10x% —41xy+21y?

i  9x°+21x-8 -
In this case, on comparting with
ax® +bx+c, ac =(9)-8)=-72.
From the possible factors of 72 the
suitable pair of numbers (with
proper sign) is 24 and -3 whose
Sum = 24 + (-3) =21, (the
cocfficient of x)
And their product = (24) (-3) =
«J2 =ac
Hence 9x% +21x—8
=9x? +24x—3x—8
=3x(3x+8)—1(3x+8)
=Bx+8)3x—-1)
()  2x2—8x—42=2(x*—4x-21)
Comparing
x° —4x—2lwithax® +bx+c
We have ac = (+1) (-21) =-21
From the possible factors of 21 the
suitable pair of numbers is ~7 and
+3 whose
Sum =—7+43=-4 and product =(-7)(3)=-21
Hence x? —4x—21
= x> +3x—Tx—21
=x(x+3)-T7(x+3)



=(x+3)(x—7) Hence 2x% —8x—42=2(x% —4x—21)
‘ =2(x+3)(x—=T7)
(i)  10x% —4lxy+21y°
Here ac=(10)(21)=210
Two suitable factors of 210 are —35 and —6.

Their sum = =35 -6 =-41
And product = (-35) (-6) =210

Hence 10x* — 41xy + fl'].y:2
=10x% - 35xy —6xy+21 y'2
=5x2x—=Ty)=-3y(2x-Ty)
=(2x—7y)(5x-3y)
(d) Factorization of the following types of Expressions.
(a)c2 +b+c¢) (atx2 +bx+d)+k ¥
(x+a)x+b)x+c)x+d)+k

(x+a)(x+b)(x+c)(x+d)+kx2

Factorize (x?‘ —4x— 5)()62 ~4x—12)-144

Solution: o

(x*—4x-5)(x? —4x—12)—144
Let y=x>—4x. Then
(y-3)(y—12)-144 = y* ~17y+60—144

=y2-17y—84
=y?—21y+4y—84
=y(y-2D)+4y-2)
=(y—2D(y+4)
=(x2—4x—21)(x2—4x+4) (Sincey=x2—4x)
— (x2 ~Tx+3x-2D[ (0% - 2(2)(2) + (2% ]
= [x(x=T)+3(x~-N](x=2)°
=(x-Nx+3)(x-2)(x-2)



Factorize
(x+D(x+2)(x+3)(x+4)-120

We observe that 1+4=2+3.
It suggests that we rewrite the given
eXpression as
[(x+1) (x+4)][(x+2)(x+3)]-120.
(x> +5x+4) (x* +5x+6)—120
Let x2+5x= y, then
We get (y +4) (y +6) — 120
=2 +10y+24-120
=4 2+10y-96
=y? +16y—6y—96
= y(y+16)—6(y +16)
=(y+16)(y-6)
= (x2 +5x+16)(x* +5x—6)(since y=x"+5x)
= (x”+5x +16)[)(2 +6x—X —6)]
= (x> +5x +16)[(x +6) —1(x +6)]
= (x2 +5x+16) (x +6) (x—~1)

Example

Factorize (x2 —5x+6) (x> +5x+6)—2x

Solution:

(x2 —5x+6) (x> +5x+6)—2x

=[* -3x-2x+ 6] 52 +3x+2x+ 6]-2x°

=[x(x-3)=2(x = 3)] [x(x+3) + 2(x +3)] - 247
=[(x=3)(x=2)|[(x+3) (x+2]-2x°
—[(x=2)(x+ D[ (x—3) (x+3)]- 2"
= (2 —4) (% -9)-2x7

o

= x* —13x% +36—-2x?

= x* ~15x2+36

= i 123> 32" 36

= x2(x* —12)-3(x* -12)
= (x2=12)(x*> -3)

=[@? -3 [0 -3
= (x—243) (x+ 2¥3) (x—3) (x ++/3)

(e) Factorization of Expressions of
the following Types -

@® +3a%b +3ab® +b°

a3 =3a*b+3ab® b
Example: !

Factorize x° —8y° — 6x°y + 12xy2
x =8y’ -6x2y +12xy?
= (0 = (2)* =30 2y)+3(0)(2y)*
= (x)° —3(0 Q) +3()(2y) - 2y)°
= (x=2y)°
£ (x—2y)x—=2y)(x—2Y)
(d) Factorization of Expressions of
the following types a>+b’
We recall the formulas,
a’+b’ = (a+b)a® —ab+b*)

a3 —b® = (a—b)a* +ab+b%)

Factorize 27 x° + 64 _)-'3
2720 +64y° =30 +(4y)

= Gr+4y)[ G0~ B)@4y) + (49|

= (3x+4y)(9x> —12xy +16y°)



= —5;:)[(1)'2 + ()G + (5;:)3]
Factorize 1-125x°
Solution

1-25x> =) -(5x%)°

= (1=5x) (1+5x+25x%)

Exercise 5.2

Q.1 m Gv) 4x*+81
4

i x +x—4—3 =(2x%)% +(9)% +2(2x2)(9)—36x>
:X4+_,_1_4__2__1 =(2x2 +9)* - (6x) N

2 . =(2x% +9+6x)(2x” +9-6%)
=(x2)2+[£;]h—2<x2)(x—'2-j—1 — 2 H6x 49 (262 —6x+9) ¢

[ v)  x*+x%+25
:(xz_'ﬁ -7 g =(x?)? +2(x%) (5)+(5)” ~9x
(-Ln)(s-L) R

% X =(x*+5+3%)(x? +5-3x)

Giy  3x*+12y?
=3(x4 +4y4)
=3[ D2+ 2y 26 2y -4xy? |

=(x2 +3x +5)(x% =3x+5)
Avid) xP+dx?+16

=(x)? +2(x2) (4)+ (4)% - 4x>

=(x* +4)" = (2x)°

=3(x% +2y" +2xy) (x” +2y” ~ 2xy) =(x? +4+2x) (x> +4-2x)

=3(x2 +2xy+2y%) (x% —2xy +2y?)
(i)  a’+3a%b?+4b*

a® +4a%b? +4b* —a’b?

=(a®)? +2(a>)(26*)+(2b%)? —=a’b”

=3[(x2 +2y2)2—(2xy)2}

=(x2+2x +4) (x> —2x+4)
Q2 ()  x%+14x +48

=x2 - 6x+8x +48

=X{X+06)+8(x+6)
2 2
=(a® +2b%)* —(ab)? =(X+6(x+8)
2 2 2 2 5
=(a”“+2b“+ab)(a”+2b” —ab) (i1) X7 =21y 508

- =(a’+ab+2b%)(a* —ab+2b%) =x2 —9x-12x+108

=x(x-9)-12(x—9)




(ii1)

(iv)

Q.3

(if)

(111)

(iv)

(V)

=(Xx—-9(x-12)

X% <L 1x 42

=x2 +3x—-14x~42
=X(x+3)~14(x+3)
=(x+3)(x-14)
x2+x-132
=x2+12x~11x—132
=X(x+12)-11(x+12)
=(x+12)(x—11)

(i) 4x*+12x+5

©=4x? +2x+10x+5

=2X(2x+D)+52x+1)
=2x+1)(2x+5)
30x%+7x—15
=30x> +25x —18x~15
=5X (6X+5)—3(6x +5)
=(6x4+5)(5x-3)

24x* —65x+21

= 24x% ~56x—9x+21
=8x(3x—=7)-3(3x-7)
=(3x-7)(8x~—3)

5%% ~16%~21
=5%% +5x ~21x 21
=5x(x+1)-21(x+1)
=(x+1)(5x-21)
4x2—17xy +4y2
=4 ~16xy —xy + 4y?
=4x (x—4y)—y (x—4y)
=X -AY)(AX—Y)

(vi)  3x”-38xy-13y?

=3x? —39xy + xy —13y?
=3x(x-13y)+y(x—13y)
=(x-13y)(3x+y)

(vii) 5% +33xy—14y?

=5x%+35xy—2xy —idy?
=5x(x+7y)-2y(x+7y)
=(X+7y)(5x—-2y) .

Q4 @)
 Ze

5x ——
X

S5x——
X

5x ——
X

)
! ] +4(5X —l]+4
X X

(viii) [Sx——
e
+21 5x—— [(2)+(2)
X
2
1+2J -
1+2][5x“1+2}
X

(x%+5%x +4) (x> +5x+6)—3

Let x>45x=y

then

(2 +5x +4)(x2 +5x+6)—3
=(y+4)(y+6)-3

=y +4y+6y+24-3

=y* +10y+21

=y 4+3y+7y+2]
=y(y+3)+7(y+3)

=(y+3)(y+7)
Putting value of y

=(x2+5x+3) (x% +5x+7)

() (x> —4x)(x?=4x-1)-20

L



Let x% —4x =y
then
(x* —4x) (x? —4x~1)—20
=y(y-1)-20
=y2 -y—-20
=y? +4y—5y—20
=y(y+4)-5(y +4)
=(y+4)(y-5)
Putting valueof y
=(x? —4x+4) (x> -4x —5)
:[(x)z—2(x_)(2)+(2)2}[x2'+x~5x—5]
=(x=2)* [x(x +1)=5(x +1)]
=(x-2)?(x+1)(x=5)
(i)  (x+2)(x+3)(x+4) (x+5)—15
=[(x+2) (x+5)][(x+3) (x +4)] 15
=(x2+2x +5X+10) (x* +3x +4x+12)—15

=(x?+7x+10) (x> +7x +12)~15

v

ict x2+7x:y
=(y+10)(y+12)~15
=y* +10y+12y+120-15
=y2 +22y+105
=y2+7y+15y+105
=y(y+7)+15(y+7)
=(y+7)(y+15)

Putting value of 'y' _
(x2+7x+7)(x?+7x+15)

(v)  (x+4)(x=5)(x+6)(x—7)-504

= (x> +4x—5x—20) (x? +6x —Tx —42)—504
=(x?—x—20)(x% —x—42)—504

Let xz—x:y
=(y—20)(y—42)—-504
=y? —20y—42y+840-504
=y% —62y+336
=y’ ~6y—56y+336
=y(y—6)—56(y-6)
=(y=0)(y-56)
Putting valueof 'y’
=(x? —x—6)(x>—x—56) .
=(x% +2x=3Xx—6)(x> +7x —8x —56)
=[x(x+2)—3[x+2ﬂ[x(x+7)—8(x+7)]
=(x+2)(x=3)}(x+7){x—8) L
(V) (XEDE+F2)E+3)(x+6)—3x7
=(X+D(X+6)(x+2)(x +3)—3x
=(x? + X+ 6% +6) (X% +2X +3x +6)— 3x>

=(x? +6+7%) (x> +6+5x) —3x2
2

:--X:,--[(x2 +6+7x) (x> +6+5x )-3x
X

2

- 2N(X2+6+7x)(x2+6+5x) 3x2
. EX o Ll X

X X
::xz{(x+»§-+7j[x+-6—+5}—3}

. X X
Let X+E:y
X

=x*[(y+7)(y+5)-3]
=x2 (v +7y+5y+35-3)
=x? (y*+12y+32)

=x* (y* +4y +8y+32)
=x*[y(y+40)+8(y+4)]
=x*(y+4)(y+8)



Putting valueof y

= xz[x +E+4][X+E+8j
X X
B x* +4x+6 | x> +8x+6
X X

= (x2 +4x+6)(x% +8x+6)

=(x? +4x+46)(x* +8x +6)
Q.5
G x> +48x—12x%>—64
=x> —12x° +48x —64
=(x)* =3(x2)(4)+3(x)(4)> —(4)’
=(x~4)°

=(x—4)(x—4)(x—4) v

Gi)  8x>+60x%+150x+125
=(2x)} +3(2%)% (5)+3(2x)(5)* +(5)°

=(2x+5)*
=(2x+5)(2x +5) (2x+5)

(i)  x°—18x>+108x—216
= (x)° =3(x)* (6)+3(x)(6)" ~(6)°
=(x—6)
=(x—6)(x—6)(x—6)

Gv)  8x°—125y° —60x2y+150xy>
—8x> —60xy +150xy> —125y°

=(2%)* -3(2x)” (5y)+32x)(5y)* ~ 5y’

=(2x -5y’
=(2x-5y)(2x—5y) (2x—35y)

Q6 () 27+8°
=3’ +(2x)’
=(3+2x.)[(3)2 —(3)(2x)+(2x)2]

=(3+2x)(9—6x +4x7)

or =(2x +3)(4x* —6x +9)
Gi) 125x3=216y°
=(5x)° - (6y)’
=(5x—6y)[ (5%)7 +(5x) (6y)+ (6|
=(5x —6y)(25x > +30xy +36y>)
Gii)y  64x° +27y°
=(4x)" +(3y)’
= (@x +3y)[ (4% - (4x)G3y)+ By)] |
—(4x +3y) (16x7 —12xy +9y?)
(iv)  8x>+125y°
=(2x)’ +(5y)’
=@x+5y)[ 207~ @06 +5y) |

—(2x+5y)(4x2 —10xy +25y?)
If a polynomial p(x) is divided by a
linear divisor (x—a), then thc remainder

is pla).

Let g{x)be the quotient obtained
after dividing p(x)by(x—a). But the
divisor {x—a) is linear. So the remainder
must be of degree zero i.e., a non-zero
constant, say R. Consequently, by division
Algorithm we may write.
p(x)=(x—a)q(x)+R

This is an identity in xand so is
true for all real numbers x . In particular,
it is true for x = a . Therefore,

pla)=(a—a)g(a)+ R=0+R=R

i.e. p(a)=_ the remainder.
Hence the theorem.

Note: Similarly, if the divisor is (ax—b),
we have
p(x)=(ax—b)q(x)+ R



W

oo 7
Substituting x:—) so that ax — b = 0,

a
we obtain
b )
p(—Jzo. q(—’]m =0+R=R
Ka a

Thus if the divisor is linear, the
above theorem provides an efficient way
of finding the remainder without being
involved in the process of long division.
To find remainder (without dividing)
when a polynomial is divided by a

Linear Polynomial

Find the remainder when
9x® —6x +2is divided by

(i) x—~3 (ii) x+3

iy  3x+l (iv) x

Let p(x)=9x%—6x+2
1) When p(x)is divided by x—3, by
Remaindcr Theor“élh, the
remainder is:
R = p(3)=9(3)* —6(3)+2 =65
=9(9)-18+2
P(3)=81-16
=065
(iiy When p(x) is divided by
x+3=x-(-3), the remainder is
R = p(-3)=9(~3)2 —6(-3)+2
=99)+18+2
=81 +20 =101 _
(i)  When p(x)is divided by 3x+1,

the remainder is

R= P[—%):9[:~%T —6(—--;J+2:5

(iv)  When p(x)is divided by x, the

remainder is

R=p(0)=9(0) —6(0)+2=2
Example

Find the value of k is the
expression x> +kx? +3x~4 leaves a
remainder of —2 when divided by x+2.
Let p(x) = X +kx+3x—4.
By the remainder Theorem, when p(x) s
divided by x+2=x—(-2),the remainder

181

P(=2) = (=2)® +k(=2)2+3(-2)~4 ©
=-8+4k-6—-4
=4k ~18

By the given condition, we have

p(-2)=-2 = 4k —-18=-2

= k=4

5.2.3 Zero of a polynomial

If a specific number x = g is substituted
f&r a variable x in a polynomial p(x) so
that the value p(a)is zero, then x=a i3

called a zero of the polynomial p(x).

Factor Theorem

The polynomial (x—a) is a factor
of the polynomial p(x) if and only if
pla)=0.

Proof:

Let g{x) be the quotient and R the
remainder when a polynomial p(x) is
divided by (x—a). Then by division
Algorithm,

px)=(x-a)g(x)+R
By the Remainder Theorem, R = p(a).



(1)

(i1)

Hence p(x)=(x—-a)q(x)+ p(a)

Now if pla)=0, then
p(x)=(x—a)g(x)
ie., (x—a) is a factor of p(x).

Conversely, if (x—a) is a [actor of
p(x), then the remainder upon
dividing p(x)by(x—a) must be

zero i.e., p(a) = 0.

Example

Determine if (x—2)is a factor of

x° ~4x2+3x+2.

Q.1
find
(i)

Sol:
Let

Let
p(x)z.xc3—4¢\c2 +3x+2 o
Then the remainder for (x—2)is:

p(2) =2 -4(2)? +3(2)+2
=8-16+6+2=0

Exam

p(x)=

(x—2),

Hence by Factor Theorem, (x—2)

is a factor of the polynomial p(x).

le
Find a polynomial p(x) of degree 3

that has 2, —1, and 3 as zeros (i.e., roots).
Solution:

Since x=2,—1,3 arc roots of
0.

So by Factor theorem
(x+1) and (x—=3) are the factors

of p(x).

Where
to a.

Thus p(x)= a(;r =20 x+1D(x— 3)’

any non-zero value can be assign&l

Taking a =1, we get
P0)=(x=2)(x+1)(x-3)

=x°—4x*+x+6 as the

required polynomial.

Use the remainder theorem to

the remainder, when.
3x° —10x* +13x —6is
divided by (x—2)

P(x)=3x*-10x*>+13x-6
When P(x) is divided by x — 2 by

remainder theorem, the remainder is:
R=P(2)=3(2)" —10(2)* +13(2)—6
=3(8)-10(4)+26-6
=24-40+26-6

=50-46

=4

Sol:
Let P(x)=4x"—4x+3 when P(x) is
divided by 2x — 1 by remainder theorem,
the remainder is

g -



3 Q.2.

R = (i)  If (x+2) is a factor of
(i)  6x*+2x’—x+2 is divided by 3x” —4kx —4k’, then find the
x+2) value(s) of k.
Sel: Sol:
LetP(x)= 6x*+2x’—x+2 when P(x) is Let  P(x)=3x"-4kx—4k*
divided by x + 2 by remainder theorem, As given that x + 2 is a factor of P(x), so
the remainder is R=0
R=P(-2) =6(=2)'+2(-2)-(-2)+2 ie.P(-2)=0
=6(16)+2(—8)+2+2 So 3(-2)’ —4k(-2)—4k*=0 -
=96—-16+4 12+8k —4k*=0
=80+4 Dividing by 4
R =84 342k —k>=0
dv)  (2x—-1)* +6(3+4x)*-10 is 343k ~k—k2=0
divided by 2x + I Yo 13 i B=0

Sol:
Let p(x) = (2x—=1)" +6(3+4x)*~10 when
P(x) is divided by 2x + 1 by remainder

(1+k)(3-k)=0
=1+k=00r3—-k=0

theorem, then remainder is =R==1 FR=3
N A » P (i) If (x —1) is factor of
R= P(—EJ{Z[“EJ%} +6 3+4[*EH —10 #* —kx*+11x—6 then find the value of k.
=(-1-1’+6(3=2)*-10 Sol:

; el 2
=(-2)" +6(1)?-10 P(x)=x"—-kx*+11x—6

:—8+6—10'_ As given that x — 1 is a factor of P(x), so

=12 . kR 2 4

(v) 3 _3x2dx—14 i d‘iiz'd db 2 Hh = v
x*—3x*+4x s divided by x + W) —k(1) +11(1)-6 = 0

Sol: _
, " _ I-k+11-6 = 0
Let P(x) = x”—3x"+4x-14 when P(x) is 6-k = 0
divided by x + 2 by remainder theorem, B )
= k = 6

then remainder is
Q.3 Without actual long division

R=P(-2)  =(-2)"-3(-2)*+4(-2)-14
=—8-3(4)—-8—-14 determine whether
1 | IR Y (1) (x — 2) and (x — 3) are factors of P

P(x)=x"—=12x*+44x —48

=—42



Sol:
P(x)=x"—12x" +44x —48
Taking x -2
R=P(2)
=(2) —12(2)° +44(2) - 48
=8-12(4)+88—-48
=8—-48+88—-438
=()
As the remainder is zero, so (x —2) is a
factor of P(x)
Now P(x)=x"—12x>+44x 48
Taking x -3
R=P(3)
=(3)" —12(3)* +44(3)—-48
=27-12(9)+132-48
=27-108+132-148
=3#0
As the remainder is not equal to zero, so
(x—3) is not a factor of P(x).

(i) (x—2),(x+3)and (x—4)are
factors of q(x)=x"+2x>—5x—6
Sol:
q(x)=x>+2x*-5x—6
Takingx—2
R=q(2)=(2)’ +2(2)*-5(2)-6
=8+2(4)—-10-6
R=0
As the remainder is zero
so(x —2)isa factor of P(x)

Now q(x):x3 +2x*—5%x-6
Taking x +3

-
Sol:

m="?

R=q(-3)
=(-3)+2(3) —5(~3)~6
=-27+2(%+15-6
=-27+18+15-6
=0
As the remainder is zero, SO (x +3)isa
factor of P(x)
Nowq(x)=x"+2x*—5x—6
Taking x —4
R=q(4)
=(4)* +2(4)* -5(4)-6

=64 +2(16)—20—6 T

=64+32-20-6
=70%0

As remainder is not equal to zero, so x — 4
is not a factor of P (x)
Q.4 For what value of m is the

polynomial P(x) =dx> —Tx* +6x—3m
exactly divisible by x + 2?

P(x)=4x>—7x>+6x-3m

Takingx +2

Asp(x)isexactly divisible by (x +2),s0
R=0

P(=2)=0

4(=2)° —7(~2)* +6(~2)—3m=0
4(-8)-7(4)—12-3m=0
—32-28-12-3m=0

~72-3m =0 .

—3m=+72

A 3



72
m=-—
-3
m=-—24
Q.5 Determine the value of k if
P(x)=kx> +4x% +3x ~4and

q(x)=x"—4x+k. Leaves the same
remainder when divided by x — 3.
Sol:
K = ? _
When p(x) is divided by (x-3) by
remainder thcorem then remainder is
R, =P(3)
=k(3)’ +4(3)> +3(3)- 4
=27k +36+9—-4 g
=27k+41
When q(x) is divided by (x-3) by
remainder theorem then remainder is
R, =q(3)
G(x)=x" —4x+k
=(3)* -4(3)+k
=27-12+k
=15 +k
As given that when P(x) and q(x) are

divided by x — 3, then remainder is same,
SO

R; = R,
27k+41 =15+k
27k -k =15-41
26k =-26
| =26

26
k =—1

.6
'(I?he remainder of dividing the polynomial
P(x)=x"+ax’+7 by (x + 1) is 2b.
calculate the value of ‘a” and ‘b’ if this
expression leaves a remainder of (b + 5)
on being divided by (x ~ 2)
Sol:
F’(:v():x3 +axZ+7
The remainder by dividing "
P(x)by x +1is 2b,s0
P(-1)=2b
(- +a(-1%+7=2b S
-1+a+7=2b
a+6=2b

Taking x -2

The remainder by dividing
P(x)by(x-2)is(b+5),50
P(2)=b+5

27 +a(2)*+7 =b+5
8+4a+7=b+5
4a+15=b+5
da—-b=5-15
4a—b=-10 ....(ii)
Multiplying (ii) by 2

8a—2b=-20..... (il
By Subtracting , (iii) from (i)

a —2b = -6
_8a F2b =320
—7a =14

14
a=——==2
7

Putting (1)



a—-2b=—6

-2-2b=-6

—2b=-6+2

-2b=-4

b=2

Q.7  The polynomial

©+ x4 mx+ 24 has a factor (x + 4)
and it leaves a remainder of 36 when
divided by (x—2). Find the value of ¢
and m.,

Sol: _

Let P(x)=x"+x% +mx +24
As(x+4)isafactorof P(x),
Soremainder will be zero.i.e
R=P(—4)=0

P(—4)=0

(—4)> +6(—4)? + m(—4)+24=0
—64+16( —4m+24=0

164/ —4m—40=0

16 —4m=40

Dividing by 4

Now as given that P(x) is divided by (x — 2)
leaves a remainder 36, so
R=36
1e.P(2)=36

(27 +4(2)* +m(2)+24=36
8+4£+2m+24=36
444+2m+32=36

- 40+2m=36-32
4¢4+2m=4
Dividing by 2
20+m=2.......(ii)

Adding (i)and (ii)

4/—-m=10

24+m=2
6/ =12

.

6

£ =2

Putting value of ' ¢'in (ii)
2{+m=2 _
m=2-4

m=-2
Q.8. The Expression /x> +mx? — 4 leaves <
remainder of —3 and 12 when divided
by (x-1) and (x+2) respectively.
Calculate the values of ¢/ and m.
Sol:

Let P(x)=¢x>+mx?—4

As given that P(x) when divided by x — 1
leaves remainder —3, so

A=—3

P(1)=-3

1)° +m()? —4=-3

{+m—-4=-3

f4+m =4-3

ok p 10 | (PR (1) _

As given that P(x) when divided by (x + 2)
leaves the remainder 12, so

R=12

P(-2)=12

0(=2)* +m(=2)* —4=12
—8¢+4m~4=12

—-8/+4m=12+4

—-8(+4m=16



Dividing by 4
—2f+m=4........>11)
Subtracting (ii) from (i)

Z+m=1
—2f+m=4
L
3¢ =-3
i oarn
3
£ =-1
Putting valueof '£'in (i)
f+m=1
—1+m=1
m=1+1
m=2 v
Q.9 The expression ax’ -9x” +bx+3a

is exactly divisible by x*—5x+6. Find
the values of a and b
Sol:

Lét ‘BLe) —ax° —9x%+bx+3a

Taking X% —5x+6

=x2-2x—3x+6

=x(x—-2)—3(x—-2)

=(x—=2)(x-3)

As given that P(x) is exactly divisible by
(x —2),s0 P(2)=0

a(2)> —9(2)* +b(2)+3a=0
8a—36+2b+3a=0

1la+2b=36......... ()

As given that P(x) is exactly divisible by

X=3, SO
P(3)=0

a3)’ —9(3)* +b(3)+32=0
27a—81+3b+3a=0

30a+3b=8I

Dividing by 3

10a+b=27.....(11)

Multiplying (ii) by 2 and subtracting (i)
from it.

20a+2b=>54

11la+2b=36

9a =18
18
> ¢
a =’

Putting valueof 'a'in (i)
10a+b=27

10(2)+b=27

b=27-20

b=7
Rational Root Théorem
Let

a

agx" +ax" " et @, x+a, =0, ay#0
be a polynomial equation of degree n with
intcgral coefficients. If p/q is a rational
root (expressed in lowest terms) of the
equation, then p is a factor of the constant
term a, and q is a factor of the leading
coefticient ap.

Factorize the polynomial
x° —4x* + x+6 , by using Factor
Theorem.
Solution:

We have P(x)= x> —4x% +x+6.



Possible factors of the constant
erm p = 6 are £1, £2, 3. and +6 and of
leading coefficient q = 1 are +1. Thus the
expected zeros (or roots) of P(x)=0 are

P +1,£2, 3 and 6.1 x=a is a zero of
q

P(x), then (x—a) will be a factor.
We use the hit and trial method to
find zeros of P(x). Let us try x = 1.
Now  P(1) =) -4 +1+6
=1-4+1+6
=47
Hence x = 1 is not a zero of P(x).
Again P(=1) = (—1)° 4 (=1)* =1 + 6
=—]—4—-14+6=0 -

Factorize each of the following cubic
polynomials by facter theorem.

Q1 x®-2x%—x+2
Let P(x)=x° —2x% —x +2

Put x =1
1 :

PD=(1)" =2(1)* = () +2
=1-2~1+2
=-3+3=0

As, R=0,

So (x—T)isafactor

Pui x =—1

P(~1)=(~1)* = 2(~1)* = (=1)+2

= f= 2 1D
AsR=0,

So {x+1) is the second factor of p(x).

Hence x=—1 1s a zero of P(x) and

therefore,

x—(—1)=(x+1)is a factor of P(x).
Now P(2)=(2)% —4(2)% +2+6
=8—-16+2+6=0= x=2is aroot.
Hence (x—2) is also a factor of P(x).

Similarly P(3)=(3)° —4(3)* +3+6

=27-364+3+6=0 = x=3is a zero

of P(x).

A\

Hence (x—3) is the third factor of P(x).

Thus the (actorized form of

P(x)= 2 ~4x*+x+6 is

(x+1D(x-2)(x—-3).

Exercise 5.4

Putx=2

P(2)=(2)’ -2(2)* —(2)+2
 =8§—-8-2+2

=]10-10
=0

AsR =0,
So(x —2)is the third factor

chccP(x):x?’ —2x%—%+2

=(x-D{x+1D)(x~-2)

Q.2 x*—x?-22x+40

Sol:

Let P(x)=x" - x*—22x +40
Put x =1

P()=(1)> —(1)*> = 22(1)+40

=1-1-22+40



=180

Hence x —1isnot a zeroof P(x}
Putx=-1
P(—1)=(-1)° —(-1)* —=22(~1) +40

=—1-14+22+40

=600
Hence x =—1isnot a zero of P(x)
Putx =2

P(2) =(2)° —(2)> —22(2) +40

=8-4-44+40=0
Hence x —2isa zeroof P(x)
So(x—2)isafactor
Putx=-2

v

P(=2)=(-2)* —(=2) - 22(~2)+ 40

=—8—4+44+40=72
Hence x =— 2is not a zero of P(x)
Putx=3

P(3)=(3) ~(3)* ~22(3)+40
=27-9-66+40
=67-175
=-8#0
Hencex =3 is not a zero of P(x)
Putx=-3

P(-3)=(-3)° —(=3)2 =22(-3) +40
=—27-9+66+40
=106-36
=700

Hence x =—3isnot a zero of P(x)

Putx=4

P(4)=(4)" —(4)> ~22(4) +40
=64-16-88 +40

=104 -104
=0
Hence x =4isa zeroof P(x)
So (x—4)issecond factor
Putx=—4
P(—4)=(-4)’ —(—4)” ~22(—4)+40
=—64-16+88 +40
=-80+ 128
=48#0 v
So, x=—4isnotazeroof P(x)
Putx=5

P(5)=(5)° —(5)* ~22(5)+40
=125-25-110+40

=165-135
=30#0

So, x=5isnota zeroof P(x)

Put x=-35

P(=53)=(=5)° = (5)* = 22(=5)+40
=-125-25+110+40
=-150+150
=0

So, x=—S5isa zeroof P(x)

Hence x + 5 is third factor of P(x)

HenceP(x):x:;—x2 -22x+40

=(x—-2)(x-4)(x+95)

Q3 x> -6x*+3x+10

Sol:

Let « P(x)=x>—6x>-6x>+3x+10

Put x=1

P()=(1)* -6(1)% +3(1)+10
=1-6+3+10



=14—6
=8#0
S0, x =1 is not a zero of P(x)
Putx=—1 : '
P(—1)=(-1)° —6(~1)% +3(~1) +10
=—1-6-3+10
=-10+10
=0
So, x = -1 lS a zero of P(x).
Hence( x +1)isa factor of P(x)
Putx=2

P(2)=(2)’ —6(2)* +3(2)+10

=8-24+6+10
=24 -24
={)

So, x =2 is a zero of P(x).
Hence (x —2)is second factor of P(x)
Putx=-2

P(-2)=(-2)* —6(=2)% +3(-2) +10
=—8-24—6+10
=—28(0
150, x=-2is not a zeroof P(x)
Putx=3

P(3)=(3)° —6(3)% +3(3)+10
=27—6(9)+9+10
=46-54
=—8+0

So, x=3isnota zeroof P(x)

Putx=-3

P(-3)=(-3)" —6(-3)* +3(-3)+10
=—27-6(9)~9+10
=-—90+10

=—80%0

So, x=-3isnotazeroof P(x)
Putx=4

P(4)=(4)® —6(4)% +3(4)+10
=64—6(16)+12+10
=86-96
=-10£0

So, x=4isnotazeroof P(x)

Putx=—4

P(—4)=(—4)> —6(—4)% +3(~4)+10

=—64-6(16)—12+10
=—64-96—-12+10
=—172+10
=-162
=—162+0
Putx=35
P(5)=(5)° ~6(5)% +3(5)+10
=125-150+15+10
=150-150
v =0
So, x=5isazeroof P(x)
Hence (x —5)is third factor of P(x)
HenceP(x):x3*6)(\'2 +3x+10
=(x+D{(x-2)(x-5)
Q4 x> +x2-10x+8
Sol:
Let P(x)xx‘g-f-x2 -10x +8
Put x =1
P(D=(1)* +(1)% -10(1)+8
=1+1-10+8
=0
So, x=1lisazeroof P(x)

o



Hence(x —1)is afactor of P(x)
Put x=-—1
P(-1)=(=1)* +(-1)?> -10(-1)+8
=—1+1+10+8
=180
So, x=-lisnotazeroof P(x)
Putx=2

P(2) =(2)° +(2)® -10(2) +8

=8+4-20+8
=20-20
=0

So, x=2isazeroof P(x)
Hencex -2 is second factor of P(x)
Putx=-2

P(-2)=(-2)" +(-2)2—-10(=2) +8§
=—8+4+20+8
=24% 0
So, x=-2isnota zeroof P(x)
Putx=3

P(3) =(3)* +(3)° —~10(3) +8
=27+9-30+8
= 4430
=14%0

Putx=-3

W

P(=3)=(-3)" +(-3)? —10(-3)+8
=-27+9+30+8
=-27+47
=200

So, x=-3isnotazeroof P(x)

Putx=4

P(4)=(4)° +(4)*> ~10(4) +8

=64+16—-40+8
=88—-40
=48+0
So, x=4isnota zeroof P(x)
Putx=—4
P(—4)=(—4)* +(—4)* —10(-4) +8
=—64+16+40+8
=—64+64
=0
So, x=—41isazeroof P(x)
Hence x +41is third factor of P(x)
chceP(x):x3 +x2—10x+8
=(x -1 (x-2)(x+4)

Q.5 x3=2x%—5x+6
Sol:
P(x)=x"—2x° —5x +6
Putx=1
P(1)=(1)* 202 ~5(1)+6
=1-2=5+6
=7-7
=0
So, x=1isazeroof P(1)
Hence x — lis a factor of P(x)
Putx=-1
P(-1)=(=1)> =2(-1)* =5(~1)+6
=—1-2+5+6
=-3+11
=8#0
So, x=-1isnotazeroof P(x)
Putx=2

P(2)=(2)} —2(2)> -5(2)+6



A

=8—-8—-10+6
=—4+#0
So, x=2isnotazeroof P(x)
Putx=-2
P(-2)=(-2)"-2(-2*-5(-2)
=—8-8+10+6
=0
So, x=—2isazeroof P(x)

Hence (x + 2)is second factor of P(x)

Putx=3

PR3)=(3)’ -2(3)> -5(3)+6
=27-18-15+6
=33—33
=0

So, x=3isazeroof P(x)

Hence (x —3)1s third factor of P(x)

Hence P(x) =x>—2x2—5x+6
=(X-1D(x+2)(x-3)

Q.6 5% 2 —2x-24

Sol:

Let P(x)=x> +5x% - 2x - 24

Patx=l

P1)=(1)® +5(1)% —2(1)-24
=145-2-24
=6-26
==20#0

So, x=lisnotazeroof P(x)

Put x=-1

P(—D=(=1)’ +5(-1)" —2(~1)—24

——1+5+2-24
=7-25

=—18#0
So, x=-—1lisnotazeroof P(x)
Putx=2

P(2)=(2)* +5(2)* —2(2)-24
=8+20—-4-24
=28—28
=0
So, x=2isazeroof P(x)
Hence (x —2)is a factor of P(x)
Putx=-2
P(—2)=(-2) +5(-2)% - 2(-2) - 24
= —8+5(4) + 4 — 24
=-—32+24
=—8%0
So, x=—_2isnotazeroof P(x)
Putx=3
P(3)=(3)° +5(3)* ~2(3)-24
=27 +5(9)—6—24

=72-30
=420
So, x=3isnota zeroof P(x)
Putx=-3
P(-3)=(-3)% +5(-3)* -2(-3)-24
=—-27+45+6-24
=51-51
=0

So, x=-23isazeroof P(x)

A ™

Hence (x +3)issec ond factor of P(x)

Putx=4
P(4)=(4)" +5(4)* —2(4)-24
 =64+5(16)-8-24
—144-32



=112#0
So, x=4isnota zeroof P(x)
Putx=-4

P(—4)=(—4)’ +5(~4)> -2(~4) - 24
=—64+80+8-24
=() '
So, x =—4disazeroof P(x)
Hence (x + 4)is third factor of P(x)
HenceP(x)=x3+5x2—2x——_24
=(X—-2)(x+3)(x+4)
Q.7 3x3-x2-12x+4
Sol:  P(x)=3x*-x%-12x+4
Putx =1

P(D)=3(1)° -(1)*-12(1) +4
=3-1-12+4
=7-13
=—6#0
So, x=lisnotazeroof P(x)
Putx=-1

P(-1)=3(-1)’ - (-1)2 =12(~1)+4
=—3-1+12+4
=-4+16
=12 =0
So, x=~1lisnotazeroof P(x)
Putx=2

P(2)=3(2)>-(2)*-12(2)+4
=24-4-24+4
=28-28
=0
So, x=2isazeroof P(x)
Hence (x —2)is a factor of P(x)

Putx=-2
P(-2)=3(-2)> ~(-2)2 -12(-2) +4
=—24-4+24+4
=-28+28
=0
So, x=-2isazeroof P(x)
Hence (x +2)is sec ond factor of P(x)
Put 3x =1

~ So, x=%isazcroofP(x)

Hence (3x—1)is third factor of P(x)
Hence P(x)=3x> —x%-12x + 4
=(x-2)(x+2)(3x-1)
08 2% £3% 2% -1
Let P(x)=2x> +x2-2x~1
Putx =1
P(D)=2(1)% +1)* -2(1) -1
=2+1-2-1
=3-3
=0
So, x=lisa zeroof P(x)

*Hence (x —1)is a factor of P(x)

Putx=-1



P-H=2(—1) +(=1)* —2(~D)-1
== 241421
=—1+1
=0

So, x=—1isa zeroof P(x)

Hence (x + 1) is second factor of P(x)
Put2x =1

==
2

R ORARCY

So, x—2isnotazeroof P(X)
=]
2

{266
i

=—l+l+1—1
4 4

Put X=

&

=0 v

So, x =_?1is a zeroof P(x)

Hence 2x +1is third factor of P(x)
Hence P(x):2x3 +XE—2x
=(x-D(x+1)(2x+1)

Objective

1 The factor of x>—5x46 are:
(ax+l,x-6 (b) x-2,x-3
©)x+6,x-1 () x+2,x+3
2. Factors of 8x” + 27y” are:___

(@  (2x+3y) (4x*-9y%)

()  (2x-3y) (4x*-9y)

(c) (2x + 3y) @x*- 6xy + 9y2)

(d)  (2x-3y) 4x*+ 6xy + 9y%)
3 Factors of 3x* — x—2 are:

(a) (x+1) (3x-2) (b) (x+1) (3x+2)

(©) (x=1) 3x=2) (d) (x—1) (3x+2)
4, Factors of a* —4b*are:

(@  (a—b) (a+b) (a’+4b?)

b))  (@*=2b%) (a’ + 2b%)

' (¢) (a-b) (atb) (a>—4b%)
(@  (a-2b) (a’+ 2b?)
5. What will be added to complete the
square of 9a’ —12ab?___

(@ -l6b° b 16b°

(c)  4b? (d)  —4b’
6. Find m so that x* + 4x+m is a

complete square:

(@ 8 ® -8

(c) 4 (d) 16

T Factors of 5x* - 17xy ~12y” are
(a) (x+4y) (5x+3y)
()  (x—4y) (5x-3y)
(¢)  (x—4y) (5x +3y)
(d)  (Sx—4y) (x+3y)

(\



10.

11.

1
Factors of 27x° = alle

X
(a) Ses: (9x2+3+—~]—J
' X
1 1
(b) Y (9){ o —EJ
X ) X
(©) 351 (9){2—3 %j
X
1
(d) 3x + j( X“ =3+ —Zj

If x — 2 1s a factor of
p(x) = x*4+2kx+8, then K =

(@ -3 by 3

c) 4 @ 5
4a’+dab+(....)is a complete
square

(@ b (b) 2b
() a (d)  4b° .

12.

13.

14.

15,

(x+y) (X —xy +y) =

(@ x -y (b)) xX+y
© &y’ @ -y
Factors of x*— 16is

@ =2

b)  (x=2) (x+2) (x*+4)

(¢) (x=2) (x+2)

d)  (x+2)°

Factors of 3x — 3a + xy — ay.

(a) (3+y) (x—a)
(b)  (B-y) (x+a) v
) (G-y) x-a)
(d)  (3+y) (x+a)

Factors of pqr + qr° —pr’ -1 i(;
(a) r(p+r) (q—1) (b) r(p-1)(q+7)
(¢) r{p—1) (1) (d) r(p+r) (q+1)

A 3

1 b 2. c 3. d 4. b 5. c
. C 7. C 8. a 9, a | 10, | a
11. | a | 12. | b | 13. | b | 14. | a | 15. | a




